Abstract -The starting point is a given semigroup of completely positive maps on the 2 × 2 matrices. This semigroup describes the irreversible evolution of a decaying two-level atom. By using the integral-sum kernel approach to quantum stochastic calculus, the two-level atom is coupled to an environment, which in this case will be interpreted as the electromagnetic field. The irreversible time evolution of the two-level atom then stems from the reversible time evolution of the atom and the field together. Mathematically speaking, a Markov dilation of the semigroup has been constructed. The next step is to drive the atom by a laser and to count the photons emitted into the field by the decaying two-level atom. For every possible sequence of photon counts, a map is constructed that gives the time evolution of the two-level atom implied by that sequence. The family of maps obtained in this way forms a so-called Davies process. In his book, Davies describes the structure of these processes, which brings us into the field of quantum trajectories. Within the model presented in this paper, the jump operators are calculated and the resulting counting process is briefly described. © 2003 MAIK "Nauka/Interperiodica".
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INTRODUCTION
In this paper, we want to illustrate that quantum stochastic calculus, together with the processes studied by Davies in his book [1] and explained in his paper with Srinivas [2] , forms a suitable mathematically rigorous framework for doing quantum trajectory theory [3] . As an example, we consider here the case of resonance fluorescence.
Our starting point is a semigroup of transition operators { T t } t ≥ 0 on the algebra M 2 of all 2 × 2 matrices. This semigroup describes the irreversible evolution of a spontaneously decaying two-level atom in the Heisenberg picture. By coupling the atom to a quantum noise, we construct a stationary quantum Markov process having precisely these transition operators. If we impose the requirements that the external noise be a Bose field and the quantum Markov process be minimal, then the latter is uniquely determined. It is called the minimal Bose dilation of ( M 2 , T t , g ) [4] , where g is the ground state of the two-level atom.
Since this dilation is uniquely determined, any other reversible dynamical model that couples ( M 2 , T t , g ) to some Bose field necessarily contains this Bose dilation as a subsystem. Therefore, without deriving our model from an explicit Schrödinger equation (by performing a Markovian limit), we may safely assume it to be a physically correct way to describe the interaction of a twolevel atom with the electromagnetic field.
1 This article was submitted by the authors in English.
We will couple the two-level atom to the electromagnetic field by using quantum stochastic calculus [5, 6] . We use a version of quantum stochastic calculus based on integral-sum kernels [6] [7] [8] , which has the advantage that we have an explicit construction for the solution of the quantum stochastic differential equation with which we will describe the coupling of atom and field. Having this explicit construction in our hands is important for doing the actual calculations that we will encounter later on.
To be able to discuss resonance fluorescence, we have to use a dilation where we have two channels in the electromagnetic field. On one of them, we will put a laser state to drive the two-level atom. We will call this field the forward channel and the other one the side channel . We will then count photons in both channels. We need the side channel because there we know that all detected photons are fluorescence photons. In the forward channel, a detected photon could just as well be coming directly from the laser.
For every event that can occur in the photon counters, we construct a map giving the evolution of the two-level atom inferred by that event. We will see that the family of maps that we obtain fulfills the axioms for the processes discussed by Davies [1] . We have constructed the Davies process of resonance fluorescence.
Using the structure theory for Davies processes [1], we can decompose the process into its trajectories [3] . Within our model, we calculate the expression for the jump operators and for the time evolution in between jumps. Note that a jump in the system occurs the
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Using the above apparatus, we show that the resulting counting process in the side channel is a so-called renewal process .
THE DILATION
Let M 2 , the algebra of 2 × 2 matrices, stand for the algebra of the observables of a two-level atom. On this algebra, we are given a (continuous) semigroup { T t } t ≥ 0 of completely positive maps. This semigroup describes the-generally irreversible-evolution of the two-level atom. Lindblad's theorem [9] then says that T t = exp tL where L : M 2 M 2 can be written as (for A ∈ M 2 ):
(1)
where V j and H are fixed 2 × 2 matrices, H being Hermitian. In this paper, we will restrict ourselves to the simpler case where H = 0 and there are just two . This means there is dissipation only into two channels, the forward channel described by V f and the side channel described by V s . We choose V f and V s such that This gives exactly the time evolution for spontaneous decay to the ground state of the two-level atom into two decay channels, where the decay rates are given by |κ f | 2 and |κ s | 2 .
We want to see this irreversible evolution of the twolevel atom as stemming from a reversible evolution of the atom coupled to, in this case, two decay channels in the field. For this purpose, let us first construct the algebra of observables for these fields. Let Ᏺ be the symmetric Fock space over the Hilbert space L 2 ( ‫ޒ‬ ) of square integrable wave functions on the real line, i.e., Ᏺ := ‫ރ‬ ⊕ . The electromagnetic field is given by creation and annihilation operators on Ᏺ , generating the algebra of all bounded operators. We need two copies of this algebra, which we denote by ᐃ f , the field that will be the forward channel, and ᐃ s , the field that will be the side channel.
The evolution over time t of a free field is given by the second quantization of the left shift, i.e., the second quantization of the operator on L 2 ( ‫ޒ‬ ), which maps f (·) into f (· + t ). We denote the second quantization of this operator by S t . This means that, in the Heisenberg picture, we have an
The presence of the atom in the fields introduces a perturbation into the evolution of the free fields. We let this perturbation be given by a certain family of unitary operators {U t } t ∈ ‫ޒ‬ on ‫ރ‬ 2 ⊗ Ᏺ ⊗ Ᏺ, which will be specified later, that forms a cocycle with respect to the shift S t ⊗ S t ; i.e., for all t, s ∈ ‫ޒ‬ :
Given this cocycle, we let the time evolution of the atom and the fields together be given by the following one-parameter group { } t ∈ ‫ޒ‬ (i.e., the evolution is now reversible) of *-
The solution of the following quantum stochastic differential equation [5, 10] provides us with a cocycle of unitaries with respect to the shift:
In the next section, we will give an explicit construction for the solution U t of this equation. It can be shown [5, 7, 10, 11] that, if the cocycle satisfies equation (2), we have constructed a so-called quantum Markov dilation [4, 12] , where φ is the vector state on ᐃ f, s given by the vacuum vector.
This means that the following dilation diagram commutes for all t ≥ 0 (and that the resulting quantum process is Markov):
Let us here look briefly in the Schrödinger picture at the above diagram. If we start with a state ρ of the twolevel atom (i.e., we are now in the upper right-hand corner of the diagram), then this state undergoes the following sequence of maps: 
